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Overview & Outline

* Persistence
* Combinatorial Dynamical Systems & Conley Index
e Capturing changes in Dynamical Systems via Persistence



Persistent Homology

Summarizes changing homology of a filtration [ELZ00]
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“Level Set” Persistence
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Overview & Qutline

* Persistence
* Combinatorial Dynamical Systems & the Conley Index
e Capturing changes in Dynamical Systems via Persistence



Multivectors

Let /{ denote a simplicial complex and < denote the face relation.

Definition: A multivector |/ is a convex subset of K with respect to < .

Definition: A multivector field ) is a partition of /X into multivectors.

@ V = {{b},{b,bc},{a,ab,ac,abc}}
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Multivector Fields
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Multivector Fields as a Dynamical System
Let o0 € K. Then C|((7) — {7‘ c K ‘ T < (7}.
[O]V denotes the vector in )) containing o

Dynamics generator Fy . K —o K defined as:
Fy (o) = |o], Ucl (o)



Combinatorial Dynamical Systems
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Paths

Definition: A path is a finite sequence of simplices 01,02, ...,0n
suchthat 041 € FV ((7@)
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Solutions

Definition: A solution is a bi-infinite sequence of simplices

ce.e90_.1,00,01,092,...

N

suchthat 011 € Fy (0;)
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Solutions

Definition: A solution is a bi-infinite sequence of simplices
ce.,0-.1,00,01,02,... suchthat 0;41 & FV (Uz)

But as Fy (0‘) — [J]V J cl ((7) , every simplex gives a solution!



Critical Multivectors

Definition: Let A C /K. The mouth of A is defined as
mo (A) :=cl(A)\ A

Definition: A multivector [U]V is critical if there exists a k such that
Hy(cl ([U]V) , Mo ([O’]V>) is nontrivial.




Critical Multivectors

Critical:
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Essential Solutions

Definition: Let - ..,0-1,00,01,02, ...denote a solution. If for
is noncritical, there existsa 7 > 1 and ] <1

each O0; where 0'1,
where [0\, # [0,],, and [o7]y # o]y

then ...,0-1,00,01,02,... isan essential solution.
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Invariant Sets

Definition: Let A C K The invariant part of A, denoted |nV(A)
is the set of simplices in 4 which appear in an essential solutlon in A
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If A — InV(A), then A is an invariant set.
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Invariant Sets

Definition: Let A denote an invariant set. If A is equal to a union of
multivectors, then A is ) -compatible.

AV RN

RARNE T lﬂW«?
| » »T

O l O
SRS Y s <
al /!

From now on, assume that invariant sets are )}/ -compatible.




Isolated Invariant Sets

Definition: Let A C [N C K, where A is an invariant set and Vs
closed (i.e. N = cI(N) ). If every path in N with endpoints in A is
contained in 4, then A is an isolated invariant set, and /\ is an

isolating neighborhood for A.
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Isolated Invariant Sets

Note: We have already seen that the yellow invariant set is not isolated
by the rectangle. But does a different neighborhood isolate it?




Index Pairs

Definition: Let A be an isolated invariant set, and J/ and P closed

setssuch that £/ C P.If:

L. Iy E)NPCE, /ﬁ\\f
2. FV(P\E) C P, and
3. A=Inv(P \ F)

}

NS

Then (P, E) is an index pair for A.



Conley Index

Theorem [LKMW?2019]: Let A denote an isolated invariant set. The
pair (cl(A), mo(A)) is an index pair for A .
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Index Pairs are Not Unique
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Conley Index

Definition: Let (P, E) be an index pair for 4 . Then the k-
dimensional Conley Index is given by H (P7 E)

Theorem [LKMW 2019]: The k-dimensional Conley Index for A is well
defined.




Conley Indices
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Conley Indices?




Overview & Qutline

* Persistence
 Combinatorial Dynamical Systems & the Conley Index
e Capturing changes in Dynamical Systems via Persistence



Overview

Persistence: capture changing homology of spaces

- |>2 -

But what about dynamical systems?



Motivating Example: Hopt Bifurcation

x'=—y+x(A—x%—1vy?)

y'=x+y@A—x*—y*)



Motivating Example: Hopt Bifurcation

T T T T
NIRRT T U U U U I O D A I A D A AN A N A N 4 [ Y A A A

W
’
»
’
’
»”
”
*
#
P
P
-
-
-
-
-
-
-
-
-
~
A
A3
A3
A3
A
A
A
A Y

AXNNNNNNNDNNNNNXNNYNYNYVRV Y Py rrryrrrras s
' 2 A 2 R R R R R A A
MARXRXRAANRNANNNNNNNN NP FSS L x s x s s
N A AN RN XNANNNNNNNNNNYNY PSP r#r s sk x -
BARRRRNANXNNANNNNNNN NN F S S L sk sk a
RN R R R RN RNRNANNNNNNNN VPP PP S L r #xxxkxx .
1*-;;*1;\**\\\\\\\ ';/;;;‘4'“144-‘4-4-7
‘;‘****xxxxxx\“"’,“4—“4—4“4—‘“

N
¥
14
4
4
4
»
»
’
rd
”
»”
Vs
-
-
-
-
-
-

S a A h h A A h A A W oW oWy [ A A A e e
i N N T e e i e e iy
07‘Ib-b‘-b**‘*‘"‘**\‘,A—‘“Q‘OQ“¢“¢Q7
*“-’“-’*‘-’"""~““““““‘*"
Y O A | A A R T I
T 22 T T Y S
i I I A A 2 2 I T N S N N S G N
_1;""'111111111‘44 ~\\\\\\\““““
P A S Y O A A A | LYY T U N U U S SR N
RGP A 2r 2 2 A B v Iy Y TN T T T S T Y N U T T S
PP AP Ay v 2r A B By Iy B T N T T W W N N R T T S

31411441441144444AAA\\\\\\\\\\\\\
AP A Ar A A A A B BN B I R R A R R S N R T YL T T T T T T W N N N RN
4 k

o A A A A A A A A A A4 4 4 b A AR % %N %Y % % X % X

W 7 2 4 71 4 4 4 4 1 LI T N I LS S N Y % % % % % ¥

7 A A A A A A 44 4 4 4 44 LIS T S W W W W Y A X % % %
-4 4 o4 o4 o4 4 4 4 4 4 4 4 4 4 4 4 4 b b A b K M ® N ® %N NN NN
-4 -3 -2 -1 0 1 2 3 4



Motivating Example: Hopt Bifurcation
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Motivating Example: Hopt Bifurcation
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Motivating Example: Hopt Bifurcation
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Motivating Example: Hopt Bifurcation
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Motivating Example: Hopt Bifurcation

4 T T T T T T T
DR TR T . A W D IO I D DO D A A AN N N A 4 I A A A A A A
LY Y U W WO WU U N D I O D A N A A A B N Y Y Y Y Y Y Y Y R I R g
SR WL WL W Y A I I I I A A 4 Y4 VA I R A A A NN NN
R S W W W N LB -~ G A R A A A
3\\\\\\\\\1!““\‘\0‘ AN RN
\\\\\\\\ﬁ""\\ ~““““A’I“lttl
\\\\\\\ﬁ"“‘\“ LRI
R TR H T R T T N TR O T B Iy N aiei it
7 RN R B S L T R N R O I O O I il
RN |/ N N N N A Y IV i el
R L A R R R R R R N i i S s
A e R L L LN 1 4 4 4 4 84 8 4 4% « o o .
'ﬁ“‘\\\\ [} 4 A A A A A AN o e o

P W -
1—‘\\\“',4.““‘\\\\\441////141/4\«...4.—

sx\\"<-<--“‘\\\\‘414111111114\“4.
PR - -« - - - w ww ¥ XD P AP A A O A o Y
‘\\“‘4—4““““‘l””"""l““
0***\ y o " - - - - - - - * % ”"""”"‘\“7
ss\"““A-“A-“‘"-b-»-b-b-»-b-"""““
**\"‘A‘I“I“""\*‘-b-b-h-b-b-»-rl"\“
" ™ Ny ¥ & &« & & » x ryy \\\;*;;*»»7“\“
""*\}‘t“t‘}}”"\\\\x‘ss""\\‘
_1,—->-;",,‘,,”""“\\\‘x*-s’-v * w

ks x %X w
TEEN Gy O NN 2
""’JQ}!”/ ;’ y‘\‘\\\\\\‘....r‘\‘\““
TET NN PR T T W Y NI N N aief A

(BR 2K 2K 2K IR TR T T T T T T TPl
by % & oA A A o ol =4 4 X N N % % % % ¥
_37111111111’1\"““““/IQ\\\\\\\\

LY S YAy 4

W o ¥ & H A A A A A T ¥ - » 1 X% % % % x x ¥
7 A A A A A A A A A b 7 a7 A1 4 4 %N % % % X%

w # 2 # 7 4 4 4 4 4 A 4 4 4 4 4 4 4 ) % % % % ¥
A A A A A A A A A A 4 4 4 4 4 4 4 A bk kD kN % % *
-4 4 o4 4 o 4 4 4 4 4 4 4 A A b b h b » % W

-4 -3 A -1 0 1 2 3 4



Motivating Example: Hopt Bifurcation
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Motivating Example: Hopt Bifurcation
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Motivating Example: Hopt Bifurcation

Note: attractorfrom ] = —o0 to 1 = 16

Can we use persistence to capture this, or a related feature?



Motivating Example: Hopt Bifurcation

Note: attractorfrom ] = —o0 to 1 = 16

Can we use persistence to capture this, or a related feature?

Yes, using a special type of index pair



Motivating Example: Hopt Bifurcation
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Motivating Example: Hopf Bi
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Motivating Example: Hopf Bi
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Motivating Example: Hopt Bifurcation
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Motivating Example: Hopt Bifurcation
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Motivating Example: Hopt Bifurcation
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Motivating Example: Hopt Bifurcation

Note: attractorfrom ] = —o0 to 1 = 16

Can we use persistence to capture this, or a related feature?

Yes, using a special type of index pair



Conley Index Persistence

First attempt: for each V1, VQ, Ce ey Vn, compute an isolated
invariant set, A1, Ao, ..., A,, and corresponding index pairs.

(cl(A1),mo(Aq)), (cl(A2),mo(As)),...,(cl(A,), mo(A,))

Gives a relative zigzag filtration:

L C (C|(AZ), mo(AZ)) D) (C|(Az) M C|(A,L'_|_1), mo(A,i) M mo(A7;+1)) - (Cl(AH_l), mo(AHl)) DR

Problem: (cl(4;) Nncl(Ai11), mo(A;) N mo(A4:11)) generally not an index pair.



Intersection Example

/N

SN SN SN
VY ' ' ! VY

NN \ N
2 BA Pzl




Index Pairs in an Isolating Neighborhood

let FF C P C N forclosed P, B/, N,and A C N . If:

1.FV(P)HNQP,
2. Fy(E)NN CE , @ )
3. Fy(P\ E) C N, and X

4. A=Inv(P\ E) G

then (P, E) is an index pairin /V. - N -




Push Forward

Let A C K denote an arbitrary set in some closed [V. Then the
push forward of A in NV is A together with all simplices in /N which
are reachable from paths originating in A and contained in }V.

! AN | NOAL

O
POSIEN YORVAN
A4 N




Finding Index Pairs in N

Theorem: The push forward in /V of an index pair is an index pairin [V

ZON AN
e N ]
SATL S/




Index Pairs in an Isolating Neighborhood

Theorem: Index Pairs in /V are index pairs.

Definition: Let }/1, Vo denote multivector fields over /. The intersection
of multivector fields is given by

ViNVy = {Vl R% | VieVy, Vo e VQ}

Theorem: Let (Pl, El), (PQ, Eg) denote index pairs in /N under )/, V.
The pair (Pl NPy, Eq N E2) is an index pair in /V under

VitWa for Inv((P1 N Py) \ (E1 N Es)).



Intersection Example

All simplices in N, Yellow union
Red is P, and Red is E




Conley Index Persistence: New Strategy

Fix [V, and foreach Vi, Vs, ..., ), compute the maximal
invariant setin [V, denoted A7, Ao, ..., A,, and corresponding
index pairs.

(cl(A1),mo(A1)), (cl(Az),mo(As)), ..., (cl(A,), mo(A,))

Gives a relative zigzag filtration:

(pf(cld;), pfy(mod;)) 2 (pfi (clA;) N pfy (clAit1), pfy(moA;) N pfy(modiyi)) € (pfy(clditr), pfy(moAiiy))



Conley Index Persistence




Problem: Noise Resilience

NI R
DN 5

All simplices in N, Yellow union
Red is P, and Red is E




Solution: Make E Smaller

INT X PVARDE
O

Y O Y O
YORVAN YOR,




Conley Index Persistence

Proposition: Let (P, F') denote an index pair for A in V. If

VCFEk isa/regular multivector such that ' := F \ V' is closed,
then (P, E") isanindexpairin N for A.

NN L NS 7 K|
NN

BRDAP , 0
PORPAN PO

N\ V4




Conley Index Persistence

Proposition: Let (P, F') denote an index pair for A in V. If

VCFEk isa/regular multivector such that ' := F \ V' is closed,
then (P, E") isanindexpairin N for A.

, ¢><¢ | INY X
-< O > O >
V>\ N/< 1 I I A




Multivector Removal Strategy

Remove as many multivectors as possible, up to a fixed distance away
from the isolated invariant set.




Multivector Removal Strategy

Remove as many multivectors as possible, up to a fixed distance away
from the isolated invariant set.




Multivector Removal Strategy

Remove as many multivectors as possible, up to a fixed distance away
from the isolated invariant set.




Algorithm

MakeNoiseResilient( P, E, A, 0 ):

while there exists a regular multivector |/ C F suchthat E'\ V is
closed and d(V,A) <o :

E+ FE\V




Multivector Removal Strategy

Theorem: This algorithm outputs index pairs




Conley Index Persistence: Variable N

Given a “seed” isolated invariant set and isolating neighborhood, can
we modify N to track changes to the invariant set across multivector

fields?
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Pitchfork Bifurcation
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Pitchtork Bifurcation — Previous Technique
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Conley Index Persistence
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Conley Index Persistence: Variable N

Have a sequence of isolated invariant sets Al, AQ, Ce ey A,

isolated by N1, No, ..., IN,, (A, isolated by [V; and N;_1).

(P, (cl(A:)), pfy, (mo(4;))) 2 (P, (cl(Ai)) N pfy, (cl(Ait1)), Py, (mo(Aq)) N pfy, (Mo(Aiy)))
C (pfy, (cl(Aiy1)), pfy, (MO(Ait1)))

(P, (cl(Ait1)), Pfy, ,, (MO(Air1))) 2
Py, (cl(Aiv1)) Npfy,,, (cl(Air2)), Py, (Mo(Air1)) Npfy, , (Mo(Aiy2)))
C (pfy,,, (cl(Air2)), Py, (MO(Aiy2)))



Conley Index Persistence: Variable N

How to connect the two index pairs?

(P, (cl(Ait1)), pfy, (MO(Aiy1)))
(Pfx,,, (cl(Aiv1)), P, , (MO(Air1)))



Conley Index Persistence: Variable N

Theorem: If (Pl, El) , (PQ, EQ) are strong index pairs for 4 in
Nl, NQ, where A isisolated ble, NQ, N1 U NQ, then
(PleuN2 (Pl U P2)7 PleuN2 (El U EQ)) is an index pair for
A in Ny U Ny




Conley Index Persistence: Variable N

Strategy replace

(P, (cl(Ait1)), pfy, (MO(Aiy1)))

and

(Pfx,,, (cl(Aiv1)), P, , (MO(Air1)))

with

(pr@'UNfH_l (Cl(AZ+1))7 priUNi_|_1 (mO(AZ+1)))



Conley Index Persistence: Variable N

To summarize, given Al, Ag, e ,An isolated by N1, NQ, ce ,Nn ,
where each A; isisolated by [NV, U N; 11, we obtain a zigzag filtration.

But given A1 and /V1, how to find AQ, . ,An and NQ, c. ,Nn?



Finding R

Strategy: Given Nl, Al, define a “collar” (' around AL then find set
of simplices IR so that Ay isisolated by Ny U C' \ R.

N2 :C\R

Take Ao to be the maximal invariant set in Vo

How to find R ?



Finding R
FindR(A, N, 0):

A" =pby(A) ={occ N | Anpfy({c}) # 0}

(" denotes a ¢ -collar of A

while there exists a path in C’ from Ato A':
Let 0 denote the last simplex notin A’
add all cofaces of 0 to R

return R



Finding R

Theorem: The set C, \ R is closed.

Theorem: The invariant set A s isolated by N U (C" \ R)
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Variable N

Pitchfork Bifurcation
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Variable N

Pitchfork Bifurcation
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Conclusion & Future Work
- Stability?

- Inference?
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